The idea of the effective topological theory for high-energy scattering proposed by H. and E. Verlinde is applied to the (2 + 1) dimensional gravity with Einstein action plus Chern-Simons terms. The calculational steps in the topological description are compared with the eikonal approximation. It is shown that the Lagrangian of the effective topological theory turns out to vanish except for boundary terms.
§1. Introduction
It has sometimes happened in physics that very peculiar phenomena show up under extreme conditions, e.g., asymptotic freedom in high energy QCD scatterings, superconductivity at low temperature, strong gravitational forces near black holes and so forth. There are therefore good reasons to feel free to do "Gedanken Experiment" to uncover deep structures of theories at our hands. As one of such Gedanken Experiments, there have been several interesting attempts 1)−4) of inspecting Planckian energy scatterings. This is expected to serve as a tool of inspecting quantum aspects of gravitational theories, in particular, in the framework of string theories.
There have been principally three methods to study the Planckian energy scattering, namely, (i) the eikonal approximation 1), 3) , (ii) the shock wave method 2), 5) and (iii) effective topological theory proposed by H. and E. Verlinde 6) . The fieldtheoretical formulation of the eikonal approximation has been known 7), 8) for long time, while the shock wave method has come to our concern rather recently. It has been known that high-energy small-angle scattering amplitudes computed in the eikonal and shock wave methods always agree. The third method of Verlindes on the other hand is motivated in such a way that the most dominant terms contributing to the leading eikonal approximation are separated from the outset on the Lagrangian level. A very peculiar fact in four dimensional Einstein gravity at the Planckian energy is that the obtained effective Lagrangian turns out to be topological 9) , i.e., being expressed as a BRST-exact form up to surface integrals. Kabat and Ortiz 10) examined the effective topological method, comparing it with the other methods in four dimensional Einstein gravity.
Now that we have various methods of producing the same leading approximation, an imminent issue is how to go beyond the leading approximation by including nonleading terms. This is important because several interesting quantum effects could emerge there. There have been a lot of works in this direction in the first method 11),12) . As far as Verlindes' topological method is concerned, however, it does not look straightfoward to improve their approximation method 11) .
In the present paper, we do not try to go beyond the leading approximation in Verlindes' method, but rather we would like to reexamine the calculational steps of their method by paying particular attentions to the connection between Verlindes' and the conventional eikonal methods. We will apply the Verlindes' method to the (2+1)-dimensional Einstein action supplemented by Chern-Simons terms. Although this gravitational theory is a theoretical laboratory, it is interesting in its own right since it produces fractional spin and statistics 13) as in the vector Chern-Simons theories 14),15) . We will show that the (2+1)-dimensional Einstein-Chern-Simons gravity is in fact described effectively at high energies by a topological field theory, whose Lagrangian turns out to vanish except for boundary terms. §2. The Gravitational Anyon
As a starting point, let us begin with the total action
where the Einstein and Chern-Simons actions are given respectively by
The mass dimensions of the gravitational constant κ 2 in three space-time dimensions
The (2+1)-dimensional gravity without the Chern-Simons term has been a subject of intensive research in the last decade 16) . This theory is peculiar in that there is no graviton and that space-time is flat outside sources. Dynamics is determined by global geometry. Scattering problems in this theory was also investigated in detail 17) . Inclusion of the Chern-Simons term renders the theory "topologically massive" with propagating modes 18) . The Chern-Simons action contains terms of third derivatives with respect to the metric, and one may expect that these terms would be of importance for high-energy scatterings. This is in contrast with the vector Chern-Simons action where only first-derivative terms are contained.
For the sake of simplicity, we consider the matter action consisting of only a scalar field interacting with gravitational field.
Here we have expanded the metric around the flat space-time by setting
The higher-order terms with respect to fluctuations h µν are not considered in the leading eikonal approximation.
The Chern-Simons interaction (3) is known to produce fractional statistics 13) , which is in complete analogy with the case of gauge interactions 14), 15) . The emergence of the fractional statistics is ascribed to the fact that a non-trivial phase shows up when two point-particles are interchanged adiabatically. A simple way to evaluate the phase is to look at the two-body static potential, or more generally the two-point function of h µν
Now as a preliminary calculation for later use, we present here the propagator when we take the gauge fixing condition specified by
(The propagator in the Landau gauge has been given in Ref. 18) .) The defining equation of the two-point function becomes
where we have introduced the following notations
The formal solution to (8) is given by
The anyonic interaction comes from the second term in (13) . In fact for the static case, it produces an interaction
Here K 0 is the modified Bessel function. The two-body potential is obtained by multiplying (14) by the relative velocity
Bessel function decreases exponentially, and the second term in the brackets in (14) is more dominant. This term induces a phase proportional to κ 2 m 2 /µ as the two particles are interchanged. §3. The Eikonal Approximation
In the following we summarize the eikonal approximation method in the gravitational theory (1) . Some of the contents in this section was implicitly stated in Ref. 19 ), but will be given below for the sake of comparison with the topological field theory. The technique of eikonal approximation has been well-known and explained in quantum mechanics textbooks. The analogous calculations in quantum field theories have also been studied in the sixties. Roughly speaking, the field theoretical eikonal approximation amounts to summing up an infinite number of Feynman diagrams of exchange type ( Fig. 1 ) without worring about self-energies or vertex renormalzation effects, either.
Hereafter we will use the formulation proposed by Abarbanel and Itzykson 7) .
The linearized gravitational interaction in Eq. (4) motivates us to consider an operator
where X µ and P ν are assumed to satisfy formally the usual commutation relation
Each of the two particles in Fig. 1 is propagating while emitting and/or absorbing virtual gravitons due to the linearized interactions. The evaluation of the propagator is facilitated by making use of the formula
Here T is the ordering according to the variable τ . The matter propagator in Fig. 1 may be obtained just by sandwitching the above formula by initial and final states.
The Feynman diagrams in Fig. 1 are evaluated by connecting the gravitational lines by the propagator (6). The combinatorial factors are such that the invariant amplitude is expressed by the following exponentiated formula
Here s and t are the usual Mandelstam variables.
To get the small angle scattering amplitude, all we have to do is to replace the operator P by the average of the initial and final momenta i.e., p = 1 2
. After this manipulation we arrive at the eikonal amplitude (to be denoted hereafter by T E ),
Here b is a vector satisfying the orthogonality b · p = b · p ′ = 0 and we have also introduced a notation
Keeping terms up to linear in t/s and m 2 /s, we get
where
Here ± in the exponent in (20) indicates that, if the deflection angle after scattering is positive (negative) in the center of mass system, then we should take minus (plus)
sign. Note that the gauge parameter dependence disappeared in this approximation.
We can see easily that the inequality ∆(b) = ∆(−b) produces aymmetry of the amplitudes with respect to the deflection angle. The asymmetric phase in (20) is analogous to the Aharonov-Bohm effect discussed in sec. 2. There is, however, slight difference in that, while the phase of the fractional statistics is proportional to κ 2 m 2 /µ , the counterpart in (20) is proportional to κ 2s /µ. Incidentally, note that
Qualitative Analysis towards Topological Description
Here we digress a little while to discuss the eikonal formula (20) , and its implications. In passing from (18) to (20), we have contracted Lorentz indices term by term. The calculation is straightforward but rather tedious. There is, however, more direct way to reach (20) .
Let us make use of the light-cone variables, i.e.,
We will call the ±-direction longitudinal, while ⊥-direction transverse. Suppose that the momenta p µ and p ′µ lie in the longitudinal direction at the ultra-high energy.
The most dominant component of
The summation over the Lorentz indices is then very much simplified, and the only contribution is reduced to the longitudinal component
The dynamics under the eikonal approximation is that the particle interactions occur at short distance in the longitudinal direction, i.e., 2pτ − 2p ′ τ ′ ∼ 0, which is in contrast with the rather large distance interaction in the transverse component.
Considering these facts we may put the formal solution of the Green's function (13) in the following manner. The derivatives in the transverse direction may be important and must be kept throughout. Those in the longitudinal direction, on the other hand, pick up small corrections in the ultra-high energy scatterings and may be discarded in our problem. These approximation amounts to the following
Here we have put A ++−− = 2 and B ++−− ∼ 4∂ 3 ⊥ . We immediately notice that the same differential operator has emerged in (23) as in (22). In other words, the Green function is replaced by
and thereby we can easily jump from (18) to (20) .
The separation of the dynamics into longitudinal and transverse sectors suggests considerably, and we are led to take the following gauge choice
It is assumed that h is space-time independent and is just a constant. Physical quantities should not depend on h. The ghost action in the case of the above gauge choice becomes
Previously, in order to reach Eq. (20) we have neglected the derivatives along the longitudinal direction and have kept only those in the transverse one in the propagators. This procedure may be achieved equivalently on the Lagrangian level by considering scaling behaviors under the change of the metric
Here l and l ⊥ are the typical length scales characterizing the longitudinal and transversal dynamics, respectively. In order to see the meaning of the scaling properties under (27) , let us separate the Einstein, Chern-Simons and ghost actions into two parts, i.e., longitudinal and transverse ones,
Each term in (28) is defined by
Here R g in (30) denotes the two-dimensional scalar curvature associated with g αβ .
As the notations show, the longitudinal and transverse parts of the actions are tansformed distinctively under (27) i.e.,
The scaling behavior (36) differs from those in (35) and (37). We should, however, recall the fact that S CS contains the mass parameter µ in front. If µ is of the same order as 1/l ⊥ , then the behavior (36) may be regarded as the same as (35) and (37).
In the high energy limit, the scattering dynamics is confined in the short distance region in the longitudinal direction. This means that the path integral region over the metric corresponding to l ≪ l ⊥ is most important, and S E⊥ , S CS⊥ , and S gh⊥ may be treated classically. We will look for the local minimum of S E⊥ , S CS⊥ and S gh⊥ by varying the fields. The stability condition δS E⊥ = 0 provides us immediately with
In other words, the conformal mode is not important and the metric is parametrized only by the two modes X a , (a = 1, 2). Another stability condition of the ghost part δS gh⊥ = 0 turns out to be ∇ α b 2β = 0 and we may set
The local minimum of S CS⊥ may be found easily by solving the equation ∂ 2 Γ β αγ = 0, or more simply by noting the relation
Here we have introduced V α defined by the relation
The most dominant configuration of X a is realized by imposing
By putting all these conditions into the longitudinal part of the action, we arrive at
Note that these are both in the form of total divergence.
Finally let us come to the interaction of the scalar field and gravity. The interaction part is also expressed as a surface integral
Here P a,α = T αβ ∂ β X a is the momentum flow defined in terms of the energy momentum tensor T αβ . To sum up, the effective Lagrangians in (43), (44) and (45) are all expressed in the form of total divergences and hence topological.
It has been observed by Verlindes in four dimensional gravity that the Jacobian associated with the change of the path integral variables g αβ → X a is exactly cancelled by another Jacobian due to the change of the antighost. This cancellation, however, does not occur in the three dimensional case, because the Jacobian due to the change b aα → b is only one half of the bosonic counterpart. This incomplete cancellation of the Jacobians would have to be given due consideration if we would go beyond the leading approximation. As far as we restrict ourselves to the first approximation, however, the effect due to the Jacobian does not matter.
Another remark is on the work by Zeni 20) , who applied the Verlindes' method to the Einstein gravity in three dimensions. Since Zeni did not have S CS in his Lagrangian, the condition (42) did not come from (40). Instead he considered the Gauss law constraints and has obtained (42). Without imposing the constraints on the Lagrangian level, the effective theory would have been much more complicated.
In our case, on the other hand, the presence of S CS is crucial to get (42) and S E and S CS have therefore become the form of total divergence. §6. Discussions
In order to see what the scattering amplitudes look like in the effective topological theory, we rewrite the effective Lagrangian in the form of contour integrals
The variable σ parametrizes the boundary C of the two-dimensional manifold (
as shown in Fig. 2 . The variable X a is now regarded as a function of σ and x 2 i.e., 
The path integral over X a of the action (46) result in exp{ iκ
where we have used the fact that the Green functions < X + X + > and < X − X − > both vanish. At ultra-high energies, only the components P +,+ and P −,− survive the summation in the above exponent and the integrations of P ±,± (σ, b) over σ and b give us the incoming and outgoing momenta of each particle. Suppose that the incident and outgoing particles have some particular relative impact parameters, then the exponentiated form in (48) is exactly the same as the integrand in (20) . It is thus possible in the effective topological method to set up a calculational scheme for scattering amplitudes. Namely scattering amplitudes are given by correlation functions of "vertex operator" exp{iS ef f } and Verlindes' program is now fulfilled for the (2+1)-dimensional Einstein-Chern-Simons gravity.
Finally a few remarks are in order with regard to previous related works in literatures. Deser, McCarthy and Steif 19) studied the same scattering problem in the shock-wave and eikonal methods. They started with the metric of the AichelburgSexl type
The equation satisfied by F (x − , x ⊥ ) is of the same form as that of ∆ ++,−− and they examined ambiguity problems associated with the solution. The same problems also remain in the effective topological method; If one would start from the effective Lagrangian (46) and tried to get the Green function < X + (σ, b)X − (σ ′ , b ′ ) >, the conventional iǫ-prescription is no more available and one would encounter the problem as to how to fix the boundary conditions. We are forced to go back to the original Green function (13) to fix the boundary conditions. This fact is unsatisfactory in the effective topological method.
Comparison between the topological and the conventional eikonal methods offers several implications as to the sub-leading terms. Amati, Ciafaloni and Veneziano
11)
studied sub-leading corrections to the eikonal approximation in the four dimensional gravity and have realized that the Verlindes' gauge choice has intrinsic difficulties.
The problem comes from particular metric fluctuations in the off-diagonal part of the metric which are not to be gauged away. The same difficulties still remain in the (2+1)-dimensional case and we do not have much to say about them. Furthermore since some of the sub-leading terms are contained in the transverse part of the action, there seems to be little chance that the effective theory could be a topological field theory at the sub-leading order. 
